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We present a stationary generalization of the static q−metric, the simplest generalization of the
Schwarzschild solution that contains a quadrupole parameter. It possesses three independent pa-
rameters that are related to the mass, quadrupole moment and angular momentum. We investigate
the geometric and physical properties of this exact solution of Einstein’s vacuum equations, and
show that it can be used to describe the exterior gravitational field of rotating, axially symmetric,
compact objects.
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I. INTRODUCTION
The black hole uniqueness theorems [1] state that the
most general asymptotically flat solution of Einstein’s
vacuum field equations with a regular horizon is the Kerr
metric that possesses two independent parameters only,
corresponding to the mass and angular momentum. In
terms of multipole moments, this statement is equivalent
to saying that black holes can have only mass monopole
and angular dipole moments. All the higher multipole
moments must disappear, probably in the form of grav-
itational waves, during the gravitational collapse of an
arbitrary rotating mass distribution whose final state is
a black hole.
On the other hand, astrophysical compact objects in-
clude not only black holes, but also regular stars, neutron
stars, white dwarfs, planets, etc. For the description of
the gravitational field of such objects, one can expect
that higher multipole moments could play an important
role. Let us consider the particular case of a static mass
distribution with a quadrupole moment that describes
the deviation from spherical symmetry. The unique-
ness theorems demonstrate that, in the case of vanish-
ing quadrupole, there exists only one vacuum solution,
namely, the Schwarzschild solution. As soon as a non-
vanishing quadrupole is considered, the uniqueness is no
more valid and so there could be in principle an infinite
number of vacuum solutions with mass and quadrupole
parameters. The first vacuum solution with a quadrupole
parameter was derived by Weyl in 1917 [2]. Today, many
other solutions are known, including their stationary gen-
eralizations [3–12]. Many other static solutions can be
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generated by using the fact that the field equations are
linear and by applying certain differential operators to
the harmonic [13]. One common problem of all these
solutions is that they are difficult to be handled due to
their complicated structure. Recently, it was proposed to
reinterpret the Zipoy-Voorhees metric [14, 15] as a gen-
eralization of the Shwarzschild metric with a quadrupole
parameter (q−metric). To our knowledge, the q−metric
is the simplest static generalization of the Schwarzschild
spacetime with an additional parameter that determines
an independent mass quadrupole moment.
The aim of this paper is to derive a stationary general-
ization of the q−metric to take into account the rotation
of the quadrupolar mass distribution. We will show that
this generalization satisfies all physical conditions to be
considered as a candidate to describe the exterior gravi-
tational field of deformed compact objects.
This paper is organized as follows. In Section II, we
review the main properties of the q−metric. In Section
III, we present the corresponding stationary generaliza-
tion and analyze its main physical properties. Section IV
is devoted to the conclusions.
II. THE q−METRIC AND ITS PROPERTIES
The q−metric in spherical coordinates can be ex-
pressed as [16]
ds2 = h1+qdt2 − h−q
[(
1 +
m2 sin2 θ
r2h
)−q(2+q)
×
(
dr2
h
+ r2dθ2
)
+ r2 sin2 θdϕ2
]
, (1)
h = 1−
2m
r
.
2This is an asymptotically flat vacuum solution of Ein-
stein’s equation. The physical interpretation of the pa-
rameters m and q can be clarified by calculating the in-
variant Geroch multipoles [17]:
M0 = (1 + q)m , M2 = −
m3
3
q(1 + q)(2 + q) . (2)
Higher moments are proportional to mq and can be com-
pletely rewritten in terms ofM0 andM2; accordingly, the
parameters m and q determine the mass and quadrupole
In the limiting case q = 0 only the monopole M0 = m
survives, as in the Schwarzschild spacetime. In the limits
m = 0 with arbitrary q and q = −1 with arbitrary m, all
moments vanish identically and the spacetime becomes
flat. The deviation from spherical symmetry is described
by the quadrupole moment M2 which is positive for pro-
late sources and negative for oblate sources. Since the
total mass M0 must be positive, we have that q > −1
(we assume m > 0).
An investigation of the Kretschmann scalar shows that
the hypersurface r = 2m is always singular for any non-
vanishing value of q. Moreover, r = 0 is also a singularity.
Depending on the value of q, additional singularities can
appear that are always situated inside the exterior sin-
gularity located at r = 2m.
All these properties indicate that the q−metric can be
used to describe the exterior gravitational field of de-
formed mass distribution. It also describes the field of a
naked singularity situated at r = 2m. From the physi-
cal point of view, this is not a problem because one can
“cover” the naked singularity with an interior solution
that must be matched with the exterior q−metric at some
radius rmatching > 2m.
To present the stationary generalization of the
q−metric, it is convenient to introduce prolate spheroidal
coordinates given by
x =
r
m
− 1 , y = cos θ . (3)
III. THE ROTATING q−METRIC
The general stationary axisymmetric line element in
prolate spheroidal coordinates is given as
ds2 = f(dt− ωdϕ)2 −
σ2
f
[
e2γ(x2 − y2)
×
(
dx2
x2 − 1
+
dy2
1− y2
)
+ (x2 − 1)(1− y2)dϕ2
]
, (4)
where σ =const. and all the metric functions depend on
x and y only.
It turns out to be useful to introduce the the complex
Ernst potential [18]
E = f + iΩ , (5)
where the function Ω is now determined by the equations
σ(x2 − 1)Ωx = f
2ωy , σ(1 − y
2)Ωy = −f
2ωx . (6)
We can see that if the potential E is given, the met-
ric function f can be found algebraically and the met-
ric function ω is computed by quadratures from Eqs.(6).
Moreover, the metric function γ is determined by two
first-order differential equations that can be integrated
by quadratures once E is known. It follows that all the
information about the metric (4) is contained in the Ernst
potential E.
To obtain the explicit form of the new Ernst poten-
tial, we use the solution generating techniques [19] that
allow us to generate stationary solutions from a static
solution. If we take as seed solution the q−metric in
prolate spheroidal coordinates, several differential equa-
tions must be solved to obtain the explicit form of the
Ernst potential. The details of this derivation will be
presented elsewhere. The final expression for the Ernst
potential can be written as
E =
(
x− 1
x+ 1
)q
x− 1 + (x2 − 1)−qd+
x+ 1+ (x2 − 1)−qd−
, (7)
with
d± = α
2(1±x)h+h−+ iα[y(h++h−)±(h+−h−)] , (8)
h± = (x ± y)
2q . (9)
Here, we have a new arbitrary parameter α. As expected,
in the limiting case α = 0, we obtain the q−metric.
By analyzing the behavior of the Ernst potential, one
can prove that this new solution is asymptotically flat.
The computation of the corresponding metric functions
corroborates this result. Moreover, the behavior at the
axis y = ±1 shows that it is free of singularities outside
a region which is always inside the radius xs =
m
σ
, which
in the case of vanishing α corresponds to the exterior
singularity situated at rs = 2m. The expression for the
Kretschmann scalar is quite cumbersome and cannot be
written in a compact form. Nevertheless, a careful nu-
merical and analytical inspection shows that the outer
most singularity is situated at xs =
m
σ
. Inside this ra-
dius, several singular structures can appear that depend
on the value of q and σ.
To find out the physical meaning of the parameters en-
tering the new metric, we compute the coordinate invari-
ant multipole moments as defined by Geroch [17], using
a procedure proposed in [20] that allows to perform the
computations directly from the Ernst potential. First,
let us consider the particular limiting case with q = 0.
Then, choosing the new parameter as α = σ−m
a
the re-
sulting multipoles are
M2k+1 = J2k = 0 , k = 0, 1, 2, ... (10)
M0 = m , M2 = −ma
2 , ... (11)
3J1 = ma , J3 = −ma
3 , .... (12)
These are the mass Mn and angular Jn multipole mo-
ments of the Kerr solution. From the corresponding
Ernst potential one can derive the Kerr metric in prolate
spheroidal coordinates. This result shows that indeed the
new solution given in Eq.(7) contains information about
the rotation of the source.
In the general case of arbitrary q parameter, we obtain
the following multipole moments
M0 = m+ σq , (13)
M2 = 7/3 σ
3q−1/3 σ3q3+mσ2−mσ2q2−3m2σ q−m3 ,
(14)
J1 = ma+ 2aσq , (15)
J3 = −1/3 a(−8 σ
3q + 2 σ3q3 − 3mσ2 + 9mσ2q2
+12m2σ q + 3m3) . (16)
It can be shown that the even gravitomagnetic and the
odd gravitoelectric multipoles vanish identically because
the solution has an additional reflection symmetry with
respect to the plane y = 0 which represents the equatorial
plane. Higher odd gravitomagnetic and even gravitoelec-
tric multipoles can be shown to be linearly dependent
since they are completely determined by the parameters
m, a, σ and q.
IV. CONCLUSIONS
In this work, we presented a stationary generalization
of the static q−metric, which is the simplest generaliza-
tion of the Schwarschild metric containing a quadrupole
parameter. The new solution was given in terms of the
Ernst potential from which all the metric functions can
be derived algebraically or by quadratures.
The stationary q−metric turns out to be asymptoti-
cally flat and free of singularities outside a region deter-
mined by the spatial coordinate xs =
m
σ
, which in the
static limiting case is situated at the singular hypersur-
face rs = 2m. The new solution contains as a particu-
lar case the Kerr solution, indicating that the new free
parameter can be associated with rotation of the mass
distribution. We conclude that the stationary q−metric
can be used to describe the exterior gravitational field of
a rotating deformed mass distribution.
It can be expected that for realistic compact objects
the exterior singularity is situated very closed to the cen-
ter of the body, because in the static limit it is located at
the Schwarzschild radius of the mass distribution. There-
fore, it should be possible to cover the exterior singularity
with a suitable interior solution. This is the task of future
investigations.
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